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INTRODUCTION
Let G be a finite group and let K be an algebraically closed field of
characteristic 2. Let V be a non-trivial simple self-dual KG-module we
.say that V is self-dual if it is isomorphic to its dual V * . It is a theorem of
w xFong 4, Lemma 1 that in this case there is a non-degenerate G-invariant
alternating bilinear form, F, say, defined on V = V. We say that V is a
KG-module of quadratic type if F is the polarization of a non-degenerate
w xG-invariant quadratic form defined on V. In a previous paper 6 , the
present authors described some methods to decide if such a module V is of
w xquadratic type. One of the main results of 6 is the following. Suppose that
 .G is a group with a split B, N -pair of odd characteristic p. Let V be a
simple self-dual KG-module that is not of quadratic type and let w be the
Brauer character of V. Then there exists a complex irreducible character
of G that occurs as a constituent of the induced character 1G and containsB
w as a modular constituent with non-zero multiplicity. This result suggests
that we should investigate the decomposition modulo 2 of the irreducible
characters in 1G when G is a group of Lie type of odd characteristic andB
see which real-valued irreducible Brauer characters occur as constituents.
The decomposition modulo 2 of these characters is not known in complete
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w xdetail, although James has shown in 10, 11 that the decomposition
 .problem can be studied systematically when G is GL q , where q is an
power of an odd prime. Indeed, it follows from the result quoted above,
together with James's results, that the number of simple self-dual
 .  .K GL q -modules that are not of quadratic type is bounded by p n forn
 .all such values of q, where p n denotes the number of partitions of n.
In this paper, we will pursue the investigation suggested above for
certain irreducible constituents of 1G which are reasonably accessible and,B
we hope, important in attempting to understand general principles. The
irreducible characters obtained from the doubly transitive permutation
actions of the groups of Lie type fall into this category and we give
attention to these characters in the first two sections of the paper. Our
findings are sufficient to allow us to prove the following general existence
theorem for simple self-dual modules that are not of quadratic type. Let G
be a finite Chevalley group defined over the field F . Then if q ' 1 mod 4,q
there exists a non-trivial simple self-dual module which is not of quadratic
type and occurs with multiplicity 1 in the reduction modulo 2 of the
Steinberg module of G. There is an analogous result for most of the
twisted Chevalley groups.
To illustrate the effectiveness of our methods, we use James's results,
 .described above, to determine the simple self-dual K GL q -modules thatn
are not of quadratic type when n F 4 and we also determine the non-triv-
ial simple self-dual modules that are not of quadratic type in the case of
 .PSU q , q being in each case a power of an odd prime.3
1. PERMUTATION MODULES IN CHARACTERISTIC 2
In this section, we investigate whether certain simple self-dual modules
that occur as constituents of permutation modules are of quadratic type.
Suppose that G acts as a transitive permutation group on a set V, where
< <V s n, and let V be the corresponding permutation module over K with
permutation basis ¨ , . . . , ¨ . We define a G-invariant quadratic form Q on1 n
V by
n
Q l ¨ s l l . i i j k /
is1 j-k
 .The polarization of Q is the alternating form F given by F ¨ , ¨ s d q 1.i j i j
It is easy to check that F is non-degenerate if n is even and has rank
n y 1 if n is odd. Let S be the one-dimensional subspace generated by the
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element u s ¨ q ??? q¨ . S is the subspace of G-fixed points of V. If n is1 n
odd, S is complemented by the KG-submodule T defined by
 4T s l ¨ q ??? ql ¨ : l q ??? ql s 01 1 n n 1 n
and T is clearly of quadratic type. Suppose now that n is even. S H has
codimension 1 in V and VrSH is the trivial KG-module. We call the
module H s S HrS the heart of the permutation module V. Our next
result gives a criterion to determine the quadratic type of simple self-dual
constituents of H in certain cases.
THEOREM 1.1. Using the notation introduced abo¨e, suppose that n G 4 is
e¨en and each composition factor W of the heart H of V is non-tri¨ ial,i
self-dual, and occurs with multiplicity 1. Then if n ' 0 mod 4, each W is ofi
quadratic type. If n ' 2 mod 4 and G either acts primiti¨ ely on V or contains
no normal subgroup of index 2, at least one W is not of quadratic type.i
Proof. As F induces a non-degenerate alternating bilinear form on
H = H and each composition factor of H is self-dual and occurs with
multiplicity 1, it follows in a straightforward way that H is completely
reducible, with, say, H ( W [ ??? [ W for some positive integer r. The1 r
definition of the quadratic form Q introduced above shows that
n n y 1 .
Q u s Q ¨ q ??? q¨ ' mod 2. .  .1 n 2
 .  .Thus we have Q u s 0 if n ' 0 mod 4 and Q u s 1 if n ' 2 mod 4.
Consequently, if n ' 0 mod 4, the heart H of V is of quadratic type and it
is immediate that each W is of quadratic type in this case. Suppose nowi
that n ' 2 mod 4. Let U be the inverse image in S H of W for 1 F i F r.i i
We claim that there is at least one index j such that S is the socle of U .j
Suppose that this is not the case. Then each U is the direct sum of S and ai
simple submodule isomorphic to W . We shall let W denote this simplei i
submodule of U . It is straightforward to see that we have a direct sumi
decomposition
V s W [ ??? [ W [ X1 r
of V into KG-submodules, where X is a non-split extension of S by the
trivial module. X is a non-split extension, as S is the subspace of G-fixed
. < <points of V. Let N be the kernel of G acting on X. It is clear that G: N
is a power of 2 greater than 1. We thus reach a contradiction if G contains
no normal subgroup of index 2. On the other hand, if G acts primitively on
V, N acts transitively on V and then S must be the subspace of N-fixed
points in V. This contradicts the fact that N acts trivially on X. We deduce
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that S is the socle of some U . Finally, as Q clearly induces a non-degener-j
w xate quadratic form on each U , it follows from 6, Theorem 1.3 that W isi j
not of quadratic type.
We would like to make two remarks concerning Theorem 1.1. Firstly,
the conclusion of Theorem 1.1 in the case that n ' 2 mod 4 may be
incorrect if G acts imprimitively and contains a subgroup of index 2. An
example is provided by the wreath product S X S acting on six points.3 2
The heart H of the corresponding permutation module is simple and of
dimension 4 over F . Moreover, H is of quadratic type, a fact which proves2
q .that the orthogonal group O 4, 2 is isomorphic to S X S . Secondly,3 2
suppose we know that S is the socle of V. Then if n ' 2 mod 4, none of
the simple modules W is of quadratic type. If we follow the proof of thei
theorem, S must be the socle of each submodule U and we deduce, asi
above, that W is not of quadratic type. No further assumptions concerningi
the structure or action of G are necessary. We will see that this situation
 .occurs in Section 2, when we discuss the unitary group PSU q .3
The simplest examples that we know of groups that satisfy the hypothe-
ses of Theorem 1.1 occur among the doubly transitive permutation groups.
We will consider a number of cases of such groups here. We begin with the
symmetric group S . If n is odd, the complement T of S that wen
introduced above is certainly of quadratic type and moreover is simple, as
w  .xobserved in 14, Sect. 3 A . When n is even, the heart H of V is also
simple and by Theorem 1.1 is of quadratic type if and only if n ' 0 mod 4.
w xThis fact is recorded in 12, p. 187 .
 .We consider next the projective special linear group PSL q , where q isn
 .a power of an odd prime and n G 2. PSL q is a doubly transitive groupn
 n .  .  n .  .of degree q y 1 r q y 1 . We note that q y 1 r q y 1 is odd if and
only if n is odd. Suppose first that n is odd. Using the notation introduced
w  .xabove, Mortimer shows in 14, Sect. 3 C that T is simple and we have
observed that T is of quadratic type. Our next theorem describes what
happens when n is even.
THEOREM 1.2. Let n G 2 be an e¨en integer and let q be a power of an
odd prime. Let H be the heart of the permutation module o¨er K obtained
 .  n .  .from the doubly transiti¨ e action of PSL q of degree q y 1 r q y 1 .n
 .a Suppose that n G 4. Then H is simple and it is of quadratic type if
and only if either n ' 0 mod 4 or n ' 2 mod 4 and q ' 3 mod 4.
 .b Suppose that n s 2. Then H is the sum of two non-isomorphic
 .simple modules of dimension q y 1 r2. These modules are not self-dual if
q ' 3 mod 4. If q ' 1 mod 4, they are self-dual but not of quadratic type.
w xProof. The statements about the simplicity of H follow from 14 .
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 n .  .Furthermore, as it is easy to see that q y 1 r q y 1 ' 0 mod 4 if and
 .only if either n ' 0 mod 4 or n ' 2 mod 4 and q ' 3 mod 4, part a of the
theorem follows from Theorem 1.1. The statements about the self-duality
 .of the simple constituents of H in part b follow from a consideration of
the associated Brauer characters. In the case that q ' 1 mod 4 and n s 2,
Theorem 1.1 shows that at least one simple constituent of H is not of
quadratic type. However, the two simple constituents are well known to be
 .conjugate under an automorphism of PSL q induced by conjugation by a2
 .suitable element of PGL q and it follows that if one module is not of2
quadratic type, neither is the other.
 .We note that the doubly transitive permutation action of PSL q onn
 .the projective space extends to the projective general linear group PGL q .n
 .The heart of the corresponding permutation module for PGL q over Kn
 .is simple in all cases and Theorem 1.2 a will determine whether or not the
heart is of quadratic type when n G 4. When n s 2, the heart is of
quadratic type if and only if q ' 3 mod 4. We will make use of these facts
in Section 4 of this paper.
Analysis of the hearts of the permutation modules of other doubly
transitive groups is generally more complicated than the case described in
Theorem 1.2. In the next section of this paper, we investigate the doubly
 . 3 w xtransitive action of PSU q on q q 1 points. In a previous paper 7 , the3
authors investigated the quadratic type of the simple constituents of the
heart of the permutation module of a Ree group acting in a doubly
transitive manner. The simple constituents of the hearts of the permuta-
 .tion modules obtained from the two doubly transitive actions of Sp 22 n
are related to those obtained from the exterior powers of the natural
 .2n-dimensional module for Sp 2 over F and are not suitable for study2 n 2
by the methods described in this paper.
2. THE QUADRATIC TYPE OF SIMPLE SELF-DUAL
 .MODULES OF PSU q3
Let q be a power of an odd prime p. The projective special unitary
 . 3group PSU q has a doubly transitive permutation action on q q 13
points. The stabilizer of a point in this action is a Borel subgroup B of
 .  .PSU q . We set G s PSU q and let St denote the non-trivial irre-3 3
G w xducible constituent of the permutation character 1 . In 6, Theorem 2.3B
we showed that the Brauer character of any non-trivial simple self-dual
module of G which is not of quadratic type occurs as a 2-modular
w xconstituent of St with non-zero multiplicity. Using work of Erdmann 3 ,
giving the 2-modular decomposition of St when q ' 1 mod 4, we now show
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 .that there are precisely two non-trivial simple self-dual modules of PSU q3
which are not of quadratic type in this case.
THEOREM 2.1. Suppose that q is a power of a prime and K is an
algebraically closed field of characteristic 2. Then if q ' 1 mod 4, there are
 .precisely two non-tri¨ ial simple self-dual PSU q -modules o¨er K that are not3
of quadratic type. These are the simple constituents of the heart of the doubly
 .transiti¨ e permutation module for PSU q o¨er K and their dimensions are3
 .  2 . .q q y 1 and q q 1 q y 1 .
Proof. Let V denote the permutation module over K obtained from
 . 3the doubly transitive action of PSU q of degree q q 1. Since q ' 13
w xmod 4, we have dim V ' 2 mod 4. By 3, Lemma 4.2 , the heart of V is the
direct sum of two simple self-dual modules, which, to avoid confusion with
our earlier notation, we will denote by E and E Erdmann denotes the1 2
.modules by E and S . We may assume the notation is chosen so that
dim E s q q y 1 , dim E s q2 q 1 q y 1 . .  . .1 2
Erdmann also shows that the socle of V is the trivial K-module. It follows
from the second remark following the proof of Theorem 1.1 that neither
E nor E is of quadratic type. Furthermore, as we noted in the introduc-1 2
tion to this section, E and E are the unique non-trivial self-dual modules1 2
that are not of quadratic type.
We assume for the rest of this section that q ' 3 mod 4. The irreducible
Brauer characters that occur as 2-modular constituents of St are in the
 .principal 2-block of PSU q , since the trivial Brauer character is such a3
w xconstituent, its multiplicity being 1. According to 13, Lemma 3.2.1 , the
principal 2-block contains exactly three irreducible Brauer characters,
these being the trivial Brauer character, a Brauer character w, say, of
 .degree q q y 1 , and a third Brauer character, which we will denote by c .
Both w and c are real-valued and therefore correspond to non-trivial
simple self-dual modules. At the time of this writing, we do not know the
multiplicity with which w occurs as a 2-modular constituent of St, although
w xit is even and at least 2. McCorkindale 13, Theorem 3.2.5 showed that c
occurs with multiplicity 1 as a 2-modular constituent of St, but the degree
of c is unknown on account of the multiplicity above being unknown. Now
the dimension of the permutation module over K obtained from the
 .doubly transitive action of PSU q is divisible by 4, since 4 divides3
3  . 2 . w xq q 1 s q q 1 q y q q 1 in this case. It follows from 6, Lemma 1.2
and the proof of Theorem 1.1 that the simple self-dual module correspond-
ing to c is of quadratic type. The remainder of this section is devoted to
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proving that the simple self-dual module corresponding to w is not of
quadratic type.
w xIt is shown in 13, Sect. 3.2 that w is the restriction to 2-regular
 .elements of an irreducible complex character x of degree q q y 1 .qqy1.
 . w xReference to the character table of PSU q given in 15 indicates that3
x is the unique irreducible character of this degree for the group andqqy1.
 .no other non-trivial irreducible character has smaller degree. Now PSU q3
 .is a normal subgroup of index gcd 3, q q 1 in the projective unitary group
 .PU q and we intend to show that x is obtained as the restriction of3 qqy1.
a rational-valued complex character of this larger group. To do this, we
w xmake use of the results of 5 .
 .The Weil representation of the unitary group U q is a complex3
representation of degree q3 with rational-valued character that contains
exactly q q 1 different irreducible constituents, each occurring with multi-
plicity 1. There is a unique irreducible constituent of the Weil representa-
 .  .tion which is trivial on the centre of U q and it has degree q q y 1 . See3
w x5, Corollary 4.5 . The character, x , say, of this constituent must also be
 .rational-valued, on account of its uniqueness. Now as the centre of U q3
is the kernel of x , we may consider x to be the character of a faithful
 .irreducible representation of PU q . It follows from our considerations3
 .above that the restriction of x to PSU q must be x . Furthermore,3 qqy1.
since x defines an irreducible Brauer character modulo 2, the sameqqy1.
 .must be true of x . Thus there is a simple module, W, say, for PU q3
whose Brauer character is x restricted to 2-regular elements. W is
 .self-dual, as x is real-valued, and its restriction to PSU q is simple. It is3
wimportant for us to know that W is defined over F . This follows from 9,2
xTheorem 9.14 , since W is absolutely irreducible and the modular charac-
 . ter of W as opposed to its Brauer character takes its values in F . The2
modular character of W is simply obtained by reduction modulo 2 of the
.values of x . We intend to show that W is not of quadratic type.
 .We set H equal to PU q . We note that H contains a cyclic subgroup,3
C, say, of order q2 y q q 1, this being the image of a cyclic subgroup of
3  .order q q 1 in U q . Consideration of the values of x shows that C acts3
without non-zero fixed points on W. Indeed, as an F C-module, W is2
isomorphic to the augmentation ideal of the group ring F C. Furthermore,2
if Z denotes the centre of a Sylow p-subgroup of H, Z is an elementary
abelian p-group of order q which also acts without non-zero fixed points
on W. This follows from the fact that x takes the constant value yq on
the non-identity elements of Z. We will argue that W cannot be an
F H-module of quadratic type by showing that the Witt type of W con-2
sidered as an F C-module is different from the Witt type of W consid-2
ered as an F Z-module.2
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Suppose by way of contradiction that W is an F H-module of quadratic2
type and let Q be a non-degenerate H-invariant quadratic form defined on
 .  .W. We set « Q equal to 1 if the Witt index of Q is maximal and « Q
equal to y1 if the Witt index of Q is less than maximal.
LEMMA 2.2. Assume the notation introduced abo¨e. Let m be the order of
 .  .2 modulo p. Then « Q s 1 if and only if m di¨ ides q q y 1 r2.
Proof. Since Z is an elementary abelian group that acts without non-
w xzero fixed points on W, the result follows from 16, Theorem 5.8 .
 .The calculation of « Q based on consideration of the action of C is a
little more complicated. Let s be a generator of C. We observed that W
is isomorphic as an F C-module to the augmentation ideal of the group2
ring F C and it follows that the characteristic polynomial f , say, of s2
 q 2yq q1 .  . w xacting on W is x y 1 r x y 1 . Baeza 1, Theorem 1.2 , gave a
 .  .means of calculating « Q in terms of the Berlekamp discriminant D f
w xof f. Interpreting 1, Theorem 1.2 in the context of F , we see that2
 .  .  .« Q s 1 if and only if D f s 0. It is easier to find D f by using Swan's
w xmethod, described in 17 , rather than by using Berlekamp's formula. In
w xSwan's method, we lift f to a polynomial F in Z x whose reduction
 .modulo 2 is f and calculate the usual discriminant D F of F as the
w xsquare of the difference product of the roots of F. Corollary 3 of 17
 .  .implies that D f s 0 if and only if D F ' 1 mod 8. We may take the
 q 2yq q1 .  . w xpolynomial F to be x y 1 r x y 1 in Z x . We note without proof
how to calculate the discriminant of F.
LEMMA 2.3. Let n be an odd integer. Then the discriminant of
 n .  . w x  .ny1.r2 ny2x y 1 r x y 1 in Z x is y1 n .
We now proceed to the proof that W is not of quadratic type.
 .THEOREM 2.4. Let H s PU q , where q ' 3 mod 4. Then if W is the3
simple self-dual F H-module whose Brauer character is the restriction to2
2-regular elements of the unique irreducible complex character of degree
 .q q y 1 that is a constituent of the Weil character, W is not of quadratic type.
Proof. Write q s pa, where p is a prime and a is a positive integer.
Then as q ' 3 mod 4, a must be odd and p must satisfy p ' 3 mod 4.
Suppose that W is of quadratic type and let Q be a non-degenerate
H-invariant quadratic form defined on V. Let m be the order of 2 modulo
  . .  .p. As m is a divisor of p y 1 and gcd p y 1, q q y 1 r2 s p y 1 r2 in
 .our case, Lemma 2.2 shows that « Q s 1 if and only if m divides
 .p y 1 r2. On the other hand, as the multiplicative group of F is cyclic,p
 .m is a divisor of p y 1 r2 if and only if 2 is a quadratic residue modulo
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p. Using the known quadratic character of 2 modulo p, we see that
 .  .« Q s 1 if p ' 7 mod 8 and « Q s y1 if p ' 3 mod 8.
 .Now we calculate « Q by considering the action of the cyclic subgroup
C. The criteria of Baeza and Swan discussed above, together with Lemma
2.3, show that
2  2 .q yqy1 .q yq r2 2« Q s 1 if and only if y1 q y q q 1 ' 1 mod 8. .  .  .
If p ' 7 mod 8, it follows that q ' 7 mod 8 also and the criterion above
 .yields that « Q s y1 in this case. Similarly, the supposition that p ' 3
 .mod 8 leads to the conclusion that « Q s 1. As these two results are in
conflict with those obtained in the paragraph above, we see that W cannot
be of quadratic type.
Finally, we show that the restriction of the module W to the normal
 .  .subgroup PSU q of PU q is also not of quadratic type, considered as a3 3
module for this smaller group. Our proof is based on the following general
proposition.
LEMMA 2.5. Let G be a non-tri¨ ial normal subgroup of a group H and let
L be a field of characteristic 2. Let M be a simple self-dual LH-module on
which G acts non-tri¨ ially and let F: M = M ª L be an H-in¨ariant alternat-
ing bilinear form. Suppose that F is not the polarization of an H-in¨ariant
quadratic form defined on M. Then F is also not the polarization of a
G-in¨ariant quadratic form defined on M.
Proof. Suppose that F is the polarization of a G-invariant quadratic
form, Q, say. We will show that Q must also be H-invariant. To do this, we
define for each element h of H a function f h: M ª L by
f h u s Q u q Q hu .  .  .
for all u g M. It is easy to check that
f h lu q m¨ s l2 f h u q m2 f h ¨ .  .  .
for all u and ¨ in M and all l and m in L. Thus f h is a semilinear form
h . h .on M. Furthermore, for all g in G and u in M, we have f u s f gu ,
since Q is G-invariant and G is normal in H, and thus
f h u q gu s f h u q f h gu s 0. .  .  .
This shows that u q gu is in ker f h, which is an LG-submodule of M, and
thus Mrker f h is a trivial LG-module. However, since M is a simple
LH-module and G is normal in H, Clifford's theorem implies that M is
completely reducible as an LG-module, and thus ker f h has a G-invariant
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complement, which must be a trivial module for G. A second application
of Clifford's theorem shows that M must be a trivial LG-module, since it
contains a non-zero trivial LG-submodule. This contradicts our hypothesis
and thus Q is invariant under h. But now we have proved our claim that Q
is also H-invariant and we have again reached a contradiction. Conse-
quently, Q does not exist and our lemma is thus proved.
The conclusion of Theorem 2.4, Lemma 2.5, and our discussion after the
proof of Theorem 2.1 is the following result.
THEOREM 2.6. Suppose that q is a power of an odd prime and K is an
algebraically closed field of characteristic 2. Then if q ' 3 mod 4 there is a
 .unique non-tri¨ ial simple self-dual PSU q -module o¨er K that is not of3
 .quadratic type. This module has dimension q q y 1 and it is obtained by
reduction modulo 2 of the unique simple module o¨er C of this dimension.
3. ON THE DECOMPOSITION MODULO 2 OF THE
STEINBERG MODULE FOR GROUPS OF
LIE TYPE OF ODD CHARACTERISTIC
Our investigations of the 2-modular decomposition of the Steinberg
 .  .characters of PSL q and PSU q may be used to obtain some informa-2 3
tion about the 2-modular decomposition of the Steinberg character of a
group of Lie type, as we intend to demonstrate in this section. Let G be a
finite group of Lie type of characteristic p, where p is an odd prime. We
will say that G is defined over the field F if G is either a Chevalley groupq
2  . 2  . 2  . 3  .over F or G is one of the twisted groups A q , D q , E q or D qq l l 6 4
obtained as the group of fixed points of an automorphism of a Chevalley
group of the appropriate type defined over F 2 or F 3. We omit the Reeq q
groups of type G from our considerations, as these have already been2
w xconsidered in 7 . Let St denote the Steinberg character of G. As p isG
w xodd, it follows from a result of Hiss 8 that St contains the trivial BrauerG
character with multiplicity 1 as a 2-modular constituent. Our intention is
now to prove the following theorem.
THEOREM 3.1. Suppose that q is a power of an odd prime p and K is an
algebraically closed field of characteristic 2. Let G be a finite group of Lie type
 .defined o¨er F as defined abo¨e . Suppose also that q ' 1 mod 4. Thenq
there exists a non-tri¨ ial simple self-dual KG-module that is not of quadratic
type whose Brauer character occurs with multiplicity 1 in the reduction modulo
2 of the Steinberg character St of G.G
Proof. Let B be a Borel subgroup of G and let P be a parabolic
subgroup of G minimal with respect to containing B as a proper subgroup.
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Let L be the Levi factor of P. Apart from the case that G is of type 2A ,2
 .  2 .  3.we may choose P so that PSL q , PSL q , or PSL q is the only2 2 2
non-abelian composition factor of L. In the exceptional case, we may take
 .G to be PSU q and then our theorem follows from Theorem 2.1. Thus,3
we may assume in all cases that the non-abelian composition factor of L is
of type A .1
Let St denote the Steinberg character of L The restriction of St to PL G
 . <will be denoted by St . Let St denote the reduction of St modulo 2,PG G G
with a corresponding notation for St . We haveL
P<St s St .  .PG L
w xby 2, Proposition 6.3.3 . Reducing modulo 2, we also have
P
<St s St . .  .PG L
Furthermore, as P is the semi-direct product of L with its unipotent
 .Pradical, U, say, consideration of the induced character St shows thatL
 .Pthe inflation of St to P is the only irreducible constituent of St thatL L
contains U in its kernel. Then since U has odd order, we see that the
P .inflation of St to P is also the only constituent of St that contains UL L
 . <in its kernel. We note also that it is straightforward to see that St PG
contains the trivial Brauer character of P with multiplicity 1.
As St contains the centre of L in its kernel, we may assume that LL
 a.contains a normal subgroup isomorphic to PSL q , where a s 1, 2, or 3.2
Given our assumption that q ' 1 mod 4, Theorem 1.2 may be applied to
show that St contains a non-trivial irreducible Brauer character, w, say,L
with multiplicity 1, corresponding to a non-trivial simple self-dual KL-
module that is not of quadratic type. Our discussion in the paragraph
 .above shows then that the inflation inf w of w to P occurs with multiplic-
P .  . <  . <ity 1 in St s St . Finally, we argue that, since St and St eachP PL G G G
contain the appropriate trivial Brauer character exactly once, there must
be a simple constituent, V, say, of the reduction modulo 2 of the Steinberg
module whose restriction to P contains a simple self-dual KP-module, W,
 .say, whose Brauer character is inf w , and does not contain the trivial
 .KP-module. W cannot be of quadratic type, and since inf w occurs with
 . <multiplicity 1 in St , we readily deduce that V must also be self-dualPG
and must occur with multiplicity 1 in the reduction of the Steinberg
module. V also cannot be of quadratic type, since, if it were, the fact that
its restriction to P does not contain the trivial KP-module would imply
w xthat W was of quadratic type, by 6, Lemma 1.2 .
While the supposition that q ' 1 mod 4 may be essential for the truth of
Theorem 3.1 in the case that G is a Chevalley group, it is not essential
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2  . 2  . 2  .when G is one of the twisted types A q for l G 3, D q or E q . Thisl l 6
is because, following the notation of the proof of Theorem 3.1, the simple
 2 .composition factor of the Levi factor L may be taken to be PSL q and2
therefore St always contains a non-trivial irreducible Brauer characterL
with multiplicity 1, corresponding to a non-trivial simple self-dual KL-
module that is not of quadratic type. Thus, when G is one of the twisted
groups of the type described above, there exists a non-trivial simple
self-dual KG-module that is not of quadratic type whose Brauer character
occurs with multiplicity 1 in the reduction modulo 2 of the Steinberg
2  .character of G. The group A q is a genuine exception here, as no such2
Levi factor exists, and we have already seen in Section 2 that any Brauer
character of the type described above occurs with even multiplicity in the
2  .   ..reduction of the Steinberg character of A q PSU q . We sum up this2 3
discussion in our next result.
THEOREM 3.2. Suppose that q is a power of an odd prime and K is an
2  .algebraically closed field of characteristic 2. Let G be a group of type A ql
2  . 2  .for l G 3, D q , or E q . Then there exists a non-tri¨ ial simple self-duall 6
KG-module that is not of quadratic type whose Brauer character occurs with
multiplicity 1 in the reduction modulo 2 of the Steinberg character St of G.G
4. THE QUADRATIC TYPE OF SIMPLE SELF-DUAL
 .MODULES OF GL qn
In this section, we assume that q is a power of an odd prime p. Let MK
denote the permutation module over K defined by the action of the
 .general linear group GL q on the cosets of the subgroup of uppern
triangular matrices and let l be a partition of n. It is known that MK
 .  .contains a K GL q -submodule S 1, l that is the reduction modulo 2 ofn K
 .  .an ordinary characteristic 0 simple module of GL q that corresponds ton
  n..l. In particular, S 1, 1 is the reduction modulo 2 of the SteinbergK
 .  .module. The head of S 1, l is a simple K GL q -module denoted byK n
 .  .D 1, l . Furthermore, the composition factors of S 1, l have the formK K
 .D 1, m for suitable partitions m of n. The trivial module corresponds toK
 . w xthe partition n . These facts are explained in Section 3 of 10 . Since the
 .subgroup of upper triangular matrices is a Borel subgroup of GL q , itn
w x  .follows from 6, Theorem 2.3 that any simple self-dual K GL q -modulen
 .that is not of quadratic type is isomorphic to some D 1, l . Thus weK
immediately obtain the following result.
THEOREM 4.1. Suppose that q is a power of an odd prime and K is an
algebraically closed field of characteristic 2. Then the number of simple
 .  .self-dual K GL q -modules that are not of quadratic type is bounded by p nn
 .for all ¨alues of q, where p n denotes the number of partitions of n.
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w xWe conclude this paper by using the tables given in the Appendix of 10
 .to find which of the non-trivial D 1, l are not of quadratic type whenK
  ..n s 3 or 4. We also find that D 1, 3, 2 is not of quadratic type whenK
n s 5, this being the first example we have discovered of such a simple
 . self-dual K GL q -module that exists for all values of q rather than justn
.for q ' 1 mod 4 .
  ..Suppose then that n s 3. D 1, 21 is the module T obtained from theK
 .doubly transitive permutation module for PGL q , as described in Section3
  ..1. Thus D 1, 21 is of quadratic type. The composition factors ofK
  3..   ..   3..S 1, 1 are the trivial module D 1, 3 and D 1, 1 , each occurringK K K
  3..with multiplicity 1. We now determine whether or not D 1, 1 is ofK
quadratic type.
THEOREM 4.2. Suppose that q is a power of an odd prime p and K is an
  3..algebraically closed field of characteristic 2. Then D 1, 1 is of quadraticK
type if and only if q ' 3 mod 4. Hence if q ' 3 mod 4, any non-tri¨ ial simple
 .self-dual K GL q -module is of quadratic type, whereas if q ' 1 mod 4,3
  3..  .D 1, 1 is the unique non-tri¨ ial simple self-dual K GL q -module that isK 3
not of quadratic type.
Proof. Suppose that q ' 1 mod 4. Then we know from Theorem 3.1
  3..  .that S 1, 1 contains a non-trivial self-dual K GL q -composition fac-K 3
  3..tor that is not of quadratic type. This composition factor must be D 1, 1K
  3..and hence D 1, 1 is not of quadratic type in this case.K
 .Suppose then that q ' 3 mod 4 and set G s GL q . Let P be the3
 .parabolic subgroup of G corresponding to the partition 21 of 3. P has
 .  .   2 ..the Levi factor isomorphic to GL q . The K GL q -module D 1, 12 2 K
has dimension q y 1 and is isomorphic to the heart H of the doubly
transitive permutation module described in the observation after the proof
of Theorem 1.2. We know from the proof of Theorem 1.2 that H is of
  2 ..quadratic type. Thus, if we let D denote the inflation of D 1, 1 to aK
KP-module, D is a simple self-dual module of quadratic type. A considera-
tion of induced modules shows that DG is simple and isomorphic to
  3..D 1, 1 . Since D is of quadratic type, it follows from the lemma given inK
w x G   3..7, p. 1242 that D is also of quadratic type. Thus D 1, 1 is ofK
quadratic type, as required.
w xNext, we suppose that n s 4. From 10, p. 253 , we find that
dim D 1, 31 s q3 q q2 q q y 1 . .K
dim D 1, 22 s q y 1 q3 y 1 .  .  . .K
dim D 1, 212 s q2 q 1 q3 y 1 .  .  . .K
dim D 1, 14 s q y 1 q2 y 1 q3 y 1 . .  .  .  . .K
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  ..   2 ..The modules D 1, 31 and D 1, 2 occur as the only compositionK K
 .factors each with multiplicity 1 of the reduction modulo 2 of an integral
lattice affording the ordinary unipotent representation of degree q4 q q2,
 2 . w xcorresponding to the partition 2 of 4. It follows from 6, Theorem 2.2
  ..   2 .. that both D 1, 31 and D 1, 2 are of quadratic type. We note thatK K
  ..D 1, 31 is also isomorphic to the heart of the doubly transitive permu-K
 .tation module for PGL q and thus the observation after the proof of4
  .. .Theorem 1.2 gives another proof that D 1, 31 is of quadratic type. WeK
  2 ..   4..now investigate whether or not D 1, 21 and D 1, 1 are of quadraticK K
type.
THEOREM 4.3. Suppose that q is a power of an odd prime p and K is an
  4..algebraically closed field of characteristic 2. Then D 1, 1 is of quadraticK
  2 ..type. D 1, 21 is of quadratic type if and only if q ' 3 mod 4. Hence ifK
 .q ' 3 mod 4, any non-tri¨ ial simple self-dual K GL q -module is of quadratic4
  2 ..type, whereas if q ' 1 mod 4, D 1, 21 is the unique non-tri¨ ial simpleK
 .self-dual K GL q -module that is not of quadratic type.4
 .Proof. Let G denote GL q and let P be the parabolic subgroup of G4
 2 .corresponding to the partition 2 of 4. The Levi factor L, say, of P is
 .  .  .isomorphic to GL q = GL q . Let D be the K GL q -module2 2 2
  2 ..D 1, 1 . Then we may form the tensor product D m D, which is aK
 .2simple KL-module of dimension q y 1 . Since D is self-dual, it follows
w xfrom 16, Proposition 3.4 that D m D is of quadratic type. Let E denote
the inflation of D m D to P. The induced module EG is also of quadratic
type, as we noted in the proof of Theorem 4.2. We find that the composi-
G   4..   2 ..tion factors of E are D 1, 1 , with multiplicity 1, and D 1, 2 , withK K
multiplicity 2. Since EG is a module of quadratic type that has no trivial
  4.. Gcomposition factor and D 1, 1 occurs as a composition factor of EK
w x   4..with odd multiplicity, it follows from 6, Lemma 1.2 that D 1, 1 is ofK
quadratic type.
We may also consider D as a simple module for L in which one of the
direct factors acts trivially. Let F denote its inflation to P. We find that
G   2 ..   2 ..F is isomorphic to D 1, 21 . Thus D 1, 21 is of quadratic typeK K
 .provided D and hence F is. The argument used in the proof of Theorem
4.2 shows that D is of quadratic type if q ' 3 mod 4 and thus we have
established the truth of our theorem when q s 3 mod 4. Finally, suppose
  4..that q ' 1 mod 4. Then we know from Theorem 3.1 that S 1, 1K
contains a non-trivial self-dual KG-composition factor that is not of
quadratic type. Given what we have proved so far, this composition factor
2  ..must be D 1, 21 . This completes the proof.K
 .While we have not yet completely determined which of the D 1, l areK
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of quadratic type when n s 5, we finish the paper with the following
observation.
THEOREM 4.4. Suppose that q is a power of an odd prime p and K is an
algebraically closed field of characteristic 2. Then the simple self-dual
 .   ..K GL q -module D 1, 32 is not of quadratic type.5 K
 .Proof. Let G denote GL q and let P be the parabolic subgroup of G5
 .corresponding to the partition 32 of 5. Let W denote the permutationK
module over K defined by the action of G on the cosets of P. Then we
have
< < 2 4 3 2dim W s G: P s q q 1 q q q q q q q q 1 ' 2 mod 4. .  .K
w xThe tables in the Appendix of 10 show that the composition factors of WK
  ..   ..are the trivial module, with multiplicity 2, and D 1, 41 and D 1, 32 ,K K
each with multiplicity 1. Since the permutation action of G on the cosets
 .of P is certainly primitive it is of rank 3 , Theorem 1.1 of this paper
  ..   ..implies that at least one of D 1, 41 and D 1, 32 is not of quadraticK K
  ..type. However, D 1, 41 is of quadratic type, by Theorem 1.2, since it isK
the heart of the doubly transitive permutation module over K. Thus,
  ..D 1, 32 cannot be of quadratic type.K
  ..   5..We note that, as D 1, 32 is not a composition factor of S 1, 1 ,K K
 .Theorem 3.1 implies that, when q ' 1 mod 4, there is a partition l / 32
 .  .  .or 5 for which D 1, l is also a simple self-dual K GL q -module thatK 5
is not of quadratic type.
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